Abstract This is the second in a pair of articles that classify the configuration space and kinematic symmetry groups for N identical particles in one-dimensional traps experiencing Galilean-invariant two-body interactions. These symmetries explain degeneracies in the few-body spectrum and demonstrate how tuning the trap shape and the particle interactions can manipulate these degeneracies. The additional symmetries that emerge in the non-interacting limit and in the unitary limit of an infinitely strong contact interaction are sufficient to algebraically solve for the spectrum and degeneracy in terms of the one-particle observables. Symmetry also determines the degree to which the algebraic expressions for energy level shifts by weak interactions or nearly-unitary interactions are universal, i.e. independent of trap shape and details of the interaction. Identical fermions and bosons with and without spin are considered. This article analyzes the symmetries of N particles in asymmetric, symmetric, and harmonic traps; the prequel article treats the one, two and three particle cases.
Introduction to Part II
This is the second in a pair of articles that classifies the symmetries of a model system of identical particles trapped in one-dimension and interacting via Galilean-invariant two-body interactions. The first article motivated the study of this system and its symmetries and it considered examples and applications with one, two and three particles. This article formalizes and extends these results to the case of N particles, with multiple examples for N = 4.
The Hamiltonian under study isĤ
is the non-interacting Hamiltonian. It is the sum of identical one-particle HamiltoniansĤ 
The specific case of contact interactions is treated in detail, but many results hold for any Galilean invariant interaction potentialV ij = V 2 (|Q i −Q j |).
The goal is to classify the symmetries ofĤ The results for N = 2 and N = 3 in the previous article could be established by direct calculation and enumeration. However, that is not practical for higher N . The goal is to develop algebraic methods that can be implemented on a computer, but this requires a degree of formality and abstraction that some physicists may find unfamiliar or unappealing, i.e. the 'Gruppenpest'. To try and bridge that gap, the second section of this article starts out with an overview of the permutation group and its representations. A particular class of representations called permutation modules turn out to be intuitive and useful, especially when the tools of state permutation symmetry and the double tableau basis are employed. This section also discussed how to apply these results to the case where the N identical particles are fermions or bosons and have an internal structure that does not participate in the interaction, like spin.
The third section considers the non-interacting HamiltonianĤ 
In words, these symmetry groups are at least the semidirect product of the particle permutation group P N acting on the direct product of N copies of the single particle symmetry group C 1 or K 1 . The previous article developed this structure by analysis of two and three particle systems, where the group elements can be easily explicitly enumerated. In this article, the general result is established by using representation theory for P N ∼ S N applied to permutation modules. The degeneracies of the non-interacting spectrum σ N is larger than the minimal construction, then there is either an emergent fewparticle symmetry or an accidental symmetry. Table 1 summarizes results for 2, 3 and 4 non-interacting
particles.
The fourth section shows that there is also a minimal construction for the configuration space symmetry group C N and the kinematic symmetry group K N of the interacting HamiltonianĤ N :
C N ⊆ P N × C 1 and K N ⊆ P N × K 1 .
The interactions break individual particle symmetries and the non-interacting energy levels are split into irreducible representations of the smaller group K N . Table 2 summarizes these results for 2, 3 and 4 interacting particles. This reduction of symmetry can be exploited to make approximation schemes like exact diagonalization scale more efficiently for the same level of accuracy and to find algebraic results for level-splitting under weak perturbations.
The fifth section considers the unitary limit of the contact interaction, with Hamiltonian denoted H N ∞ . In this limit, the ordering of particles becomes a good quantum number and a new kinematic symmetry emerges for finite-energy states
The additional symmetry O N ∼ S N is called ordering permutation symmetry, and it provides and alternate set of observables that can be used to analyze how the N !-fold degenerate energy levels split into less degenerate levels and bands in the 'near unitarity' limit.
Throughout the article the question is asked, what results are universal? Specifically, when is there enough symmetry for the spectrum ofĤ N to be calculated from the properties of the one-particle class of S N for each partition [µ] ∈ P (N ). As an example, the five partitions and conjugacy classes for (14) , (23) , (24) , and (34);
- For the symmetric group, an element and its inverse are in the same conjugacy class. All elements in a conjugacy class are even or odd depending on whether they can be generated by an even or odd number of transpositions. The dimension d ν of M [ν] , or equivalently the number of sequences with composition ν , depends only on the shape [ν] of the composition ν . The formula for d ν is
For example, if ν = 01 2 24 then d ν = 60 and if ν = α 2 β 2 γ then d ν = 30.
The permutation module M [N ] is built on sequences composed of a single symbol, like ν = α N .
It is equivalent to the lowest, symmetric irrep M [N ] . All other permutation modules are reducible with respect to S N : 
For modules that are not simply reducible, elements of the symbol permutation group p ∈ S ν mix basis vectors with the same Y and different W ∈ {ν}:
The double tableaux basis are eigenvectors of conjugacy class operators constructed from the group algebra of S N and S ν and from their canonical subgroup chains S N ⊃ S N −1 ⊃ · · · ⊃ S 2 and
The explicit construction of these operators and determination of their eigenvalues is given in [3; 4] , and examples for two and three particles are in the previous article.
Class operators built from transpositions are applied in [5; 6; 7] to analyze the model Hamiltonian for multicomponent fermions and fermion-boson mixtures. They can be efficiently implemented using standard computational algebra programs, but their details are not required for the results of this article.
Symmetrization of Identical Particles with and without Spin
The N -particle Hamiltonian (interacting or non-interacting) always has P N symmetry, and so the spatial Hilbert space K can be decomposed into subspaces corresponding to irreps [µ] ∈ P (N ) One way to treat symmetrization of identical particles with internal components that do not participate in the Hamiltonian is to reduce S into S N irrep spaces
using standard techniques (c.f. [1; 3; 8] ) and then reduce the tensor product H = K ⊗ S into irreps using the Clebsch-Gordan series for S N . When the internal components are spin, then J = 2s + 1 and S also carries a reducible representation of SU(2). The total spin operatorŜ 2 = iŜ 2 i and total spin componentŜ z = iŜ z,i are invariant under S N and can be diagonalized along with the S N irreps.
Explaining this topic exceeds the ambitions of the present article, but two important results are:
in the decomposition of S, there will be a single bosonic state for each copy of
-For each irrep [ν] in the decomposition of S there is a single fermionic state for each copy of M [ν] in the in the sector
Examples with two and three particles were provided in the proceeding article. As an example for four particles, consider the case of spin-1/2 fermions. Two-component particles can only have internal states with at most two-row S 4 irreps, and the spin Hilbert space can be reduced in several ways:
where In summary, reducing the spatial Hilbert space into irreps of S N is useful for symmetrizing identical particles, as well as understanding the degeneracy of energy eigenstates and how the energy levels split and combine as the trap and interaction are changed. The rest of this article shows how additional symmetries of the interaction and the trap enrich this structure.
Non-Interacting Particles
For the non-interacting N -particle system, denote the configuration space symmetry group as C 0 N and the kinematic symmetry group as K 0 N . The total non-interacting system inherits a minimal configuration space symmetry group and a minimal kinetic symmetry group from its construction out of one-particle systems:
where G ×N means the group constructed from N -fold direct product of G with itself and the particle permutation group P N acts via a semidirect product on the abelian, normal subgroups of C Before diving into representation theory, let us physically motivate this construction. In the case of a symmetric well, each particle's individual parity operatorΠ i commutes with all the other parity operators and with the total HamiltonianĤ Table 1 for a summary of results for N = 2, 3 and 4.
Configuration Space Symmetry
The configuration space Q N = R N of N particles in one dimension is isomorphic to one particle in N dimensions, and therefore low N situations can be visualized and described using the terms and techniques of familiar geometry. Additionally, for asymmetric and for most symmetric wells, the con- For the asymmetric well, the one-particle configuration symmetry group is trivial C 1 ∼ Z 1 and the configuration space symmetry C 0 N is isomorphic to the permutation group S N . Each particle permutation is realized by a geometrical transformation of configuration space Q N , for example:
-Two-cycles (ij) are reflections across the (N − 1)-dimensional hyperplane V ij ⊂ Q N defined by
-Three-cycles (ijk) are generated by two overlapping two-cycles (ij)(jk). They are realized by simple rotations by ±2π/3 in the plane perpendicular to the (N −2)-dimensional hyperplane V ij ∩ V jk .
-Double two-cycles (ij)(kl) are generated by two non-overlapping two-cycles (ij)(kl). These are double reflections across orthogonal hyperplanes V ij and V kl , and they are equivalent to a simple rotation by ±π in the plane perpendicular to the (N −2)-dimensional hyperplane V ij ∩ V kl .
-Four-cycles (ijkl) are simple rotoreflections (or improper reflections). They are realized by a rotation by ±π/2 in the plane perpendicular to V ik ∩ V jl , followed by reflection across the same plane.
Longer cycle structures correspond to elements of equivalence classes of higher-dimensional orthogonal transformations, such as compound reflections, compound rotations and compound rotoreflections.
One way to derive these properties is to construct the defining representation of S N on the set of basis vectors {q 1 ,q 2 , . . . ,q N }. For example, the matrix representing the element (12345) = {23451} ∈ S 5 is 
The group S N O(1) ×N has order 2 N N ! and it is also known as the hyperoctahedral group [16; 17] .
These are the finite Coxeter reflection groups labeled BC N . The N = 2 and N = 3 dimensional examples are the point groups of a square and cube, respectively, and their irreps (and the reduction of those irreps by the subgroup S N ) are discussed in the previous article and summarized in Table 1 .
The higher-dimensional point groups for the hypercubes are less well-known in physics but their irreps can be found by induction from the normal subgroup O(1) ×N . That is how the irrep dimension and multiplicity is calculated for N = 4 in Table 1 .
For a harmonic well, there is an emergent multi-particle symmetry and C 0 N is larger than minimal symmetry inherited from the construction (19) . There is full rotational and reflectional symmetry in
is the full orthogonal group in N dimensions. The hyperspherical representation of this group is well-known: irreps are labeled by λ and have the dimension [18] 
for N > 2. This formula gives the familiar results d(O(3); λ) = 2λ + 1 and d(O(4); λ) = (λ + 1) 2 . This case has been examined in more detail in [19] and further applications are in preparation.
Note that if C 0 N were the only symmetry of the non-interacting HamiltonianĤ N 0 , then we would expect that the energy levels would have degeneracies corresponding to the dimensions of those irreps.
However, they certainly do not and the explanation of spectral degeneracies requires the consideration of the kinematic symmetry group K 0 N .
Kinematic Symmetry Group K 0 N
Denote the non-interacting N -particle spectrum by σ 0 N = {E 0 , E 1 , E 2 , · · · }, which is still discrete but no longer non-degenerate. The spatial Hilbert space is decomposable into energy eigenspaces are isomorphic to the permutation modules described in Section 2.2 and their reduction into S N irreps is algebraically solvable in terms of one-particle observables and particle permutation operators.
The elements of σ 0 N and their degeneracies can be determined by forming compositions of oneparticle energies n in the single particle spectrum σ 1 . The energy level with composition ν = 0 ν0 1 ν1 . . . has energy E ν = ν 0 0 + ν 1 1 + · · · . Only a partial ordering of σ 0 N is possible unless the specific one-particle energies n ∈ σ 1 are known; see previous article for examples.
The tensor product of N non-interacting basis states is compactly denoted by
or alternatively |αβ · · · . Call this basis, where each particle has a definite state, the "particle basis".
Note that the particle basis wave functions
can always be chosen as real functions for the trapped system. Each N -particle tensor product basis vector |n is an eigenvector ofĤ 0 N with energy E ν given by the composition ν of n. The degeneracy d ν of the energy level E ν is the number of particle basis vectors with that composition. As explained in the previous section, this degeneracy is determined by the shape [ν] of the composition ν .
The spatial Hilbert space is also decomposable into subspaces K ν spanned by particle basis vectors
Note that this decomposition is not the same as (16) . The sectors K 
Irreps of S
is a pair formed by a permutation p ∈ S N and a real N -tuple t =
so that
where e is the identity in S N and 0 is the identity in T 
The matrix
) is orthogonal and all matrix elements are zero except a single one in each row and column 5 .
The choice of the transpose matrix as the automorphism on T ×N t in the multiplication rule (27) is so that the unitary representationÛ (p, t) of S N T ×N t has a natural realization on the particle basis 5 The representation O is another example of the defining representation of SN . By a similarity transformation
The set of similarity transformations J that reduce the defining representation is the equivalence class of normalized Jacobi coordinate systems for N one-dimensional particles.
The orbit of any N particle basis vector |n with composition ν under the representation (30) spans the composition space induced representations guarantees irreducibility. Note that S ν is not the same thing as the symbol permutation group, which would be S 012 2 4 ∼ S 3 . -For spinless particles, the reduction of K ν into irreps of S N provides a method for handling identical particle symmetrization. For particles with spin, the reduction of the spatial Hilbert space into S N sectors provides a methods for calculating degeneracies, observables, and basis vectors, c.f. Section 2.3.
The Double Tableaux Basis for Eigenstates ofĤ
-When interactions are added to the Hamiltonian, the kinematic symmetry S N T ×N t will be broken, but the S N symmetry will remain. One consequence is that (unless there are accidental or emergent symmetries) the degenerate energy levels of each composition space K ν will split into levels, specifically, one
-Also, when interactions are incorporated there are only matrix elements between non-interacting basis vectors within the same S N irrep. Therefore, exact diagonalization in the double tableau basis requires fewer matrix elements to achieve the same accuracy, and the energy spectra are more easily interpreted in terms of spectroscopy and selection rules, c.f. Section 4.4.
As an example of the double tableaux basis with N = 4, consider the reduction of a composition space from each equivalence class of S 4 T ×4 t irreps:
Each composition space K ν is isomorphic to the permutation module
Depending on the shape of the composition, the composition space K ν also carries a representation of another group, called the state permutation group P ν . First consider an example with K
This space is d ν = 12 dimensional and has basis vectors (here in the particle basis):
The action of the particle permutation group S 4 on this basis is given by (30) . However, there is another symmetry that leaves the space K α 2 βγ invariant: switching β and γ. Denote the operator that switches these states asÛ (βγ). This operator shuffles the basis vectors (33) into
The operatorÛ (βγ) generates a group isomorphic to S 2 but distinct from any S 2 subgroup of the particle permutation group P 4 . Call this group P α 2 βγ . the relationship is one-to-one. This mapping is a generalization of the result of Crescimanno [20] that the bosonic and fermionic non-interacting spectrum have the same structure for the harmonic oscillator, just shifted by a constant value. It is also related to the famous Girardeau fermionization mapping of identical one-component bosons [21] , as discussed in Section 5. [31] : +
The Group
The notation − 2 + 1 + 2 identifies an equivalence class of compositions with three states, one with negative parity and two distinct positive parity states, for example.
is an abelian normal subgroup of K 0 N , and so the induced representation construction described at the end of Section 3.2.1 can also be used to identify these equivalence classes for The first case is accidental degeneracies, like the Pythagorean degeneracies that occur in the infinite square well and its higher dimensional generalizations [12; 22] . These accidental degeneracies can be formulated as an ad hoc kinematic symmetry by defining operators that act as the identity in most energy subspaces but act unitarily in the accidentally-degenerate composition subspaces. In such a formulation, each accidental degeneracy requires the addition of new operators that commute with the Hamiltonian. Thinking of this as a kinematic symmetry is therefore not productive because these symmetry operators must be inferred from the degeneracies and not the other way around. Accidental degeneracies of this sort will not be considered further here.
The other reason for coincident energy levels is that there is an emergent few-body symmetry, i.e.
a symmetry that cannot be generated by the one-particle symmetries and particle permutations. The harmonic well is the most famous example. Its energy levels have a degeneracy larger than can be explained by P N K ×N 1 . For the energy level ω(X + N/2) with total excitation X = i n i , the degeneracy is [23; 24] 
This degeneracy can be derived from combinatorics, or it can be explained by the fact that K 
Interacting Particles
The introduction of Galilean-invariant two-body interactionsV ij among the identical particles breaks the symmetry encapsulated by the subgroups C that also commutes with the interaction operator
Denote the symmetry groups ofĤ N =Ĥ Table 2 for information about C N and K N and their irreps for low particle numbers.
Before classifying them for the three types of traps, we take a brief detour into the symmetries of the two-body matrix elements.
Symmetries of the Two-Body Matrix Elements
The two-body matrix elements are the matrix elements of the two-body interaction in the noninteracting particle basis:
Because of the hermiticity ofV ij , and remembering that the stationary states of single trapped particles can always be chosen as real, the two-body matrix elements are also real and have the property
Galilean invariance constrains the position representation of the two-body interaction to have the form
where V 2 is a scalar function of particle separation. The potential V 2 could be attractive or repulse, weak or strong, short range or long range; all that matters is that it is Galilean invariant. One consequence of this invariance isV ij =V ji , so the two-body matrix elements also have the property
Putting these together, the following four two-body matrix elements are equivalent for any Galileaninvariant two-body interaction potentialV ij :
To better represent this symmetry, denote this two-body matrix element by v αγ βδ , where the order or the symbols within the pair and the order of the pairs is arbitrary. This matrix element is proportional to the direct, first order transition amplitude for state transitions α ↔ γ and β ↔ δ.
Additionally, for the contact interaction the two-body matrix elements also have the property
because
Combining (41) and (42) 
Configuration Space Symmetry Group C N
Any Galilean-invariant operatorV N has the same configuration space symmetry as the coincidence manifold V N of all configurations in which at least two particles coincide in position [25] 
where V ij is the (N −1)-dimensional hyperplane with q i = q j . The coincidence manifold divides configuration space Q N into N ! identical sectors 6 . By Galilean invariance, the operatorV N and manifold V N are invariant under permutation of particles and under total inversionΠ. Additionally, Galilean invariance implies thatV N commutes with the total momentumP = P i , and therefore V N is invariant under translations in (or inversions of) the center-of-mass coordinateQ ∝ Q i . The configuration space symmetry of the coincidence manifold V N is therefore isomorphic to
where T R are translations along the center-of-mass axis and the second copy of O (1) [µ] ∈ P (N ) correspond to the four possible combinations of total and relative parity. For almost everything else, we need approximation methods. Symmetry makes it easier to make these approximations in an analytically and computationally efficient way, and provides spectroscopic classifications that aid in the interpretation of the results.
Exact diagonalization in a truncated Hilbert space
As an example, consider exact diagonalization in the non-interacting basis. In Section 3, the energy eigenspaces K ν of the non-interacting HamiltonianĤ N 0 were shown to carry irreps of K 0 N and to be isomorphic to permutation modules M [ν] . The reduction of the the spaces
only depends on the shape of the composition [ν] . This critical observation is best exploited in the double tableau basis |W Y for K. Because of the S N symmetry, the matrix elements of the interaction
where W V N W is a reduced matrix element. This reduced matrix element is a linear combination of two-body matrix elements like v αβ γδ for generic two-body interactions or v αβγδ for contact interactions. If the coefficients n|W Y are known then one calculates
As an example, the reduced matrix element
The explicit expressions for W V N W in terms of two-body matrix elements are sometimes unnecessary for calculating physical results; see [10; 11] Y is necessary (all the rest are the same), providing another reduction for each sector
To see how this works in a truncated Hilbert space, consider four particles in an asymmetric trap and compositions ν such that
There are twelve compositions in this truncation: The larger N , the more irreps there are, and for a given truncation dimension, the greater the basis reduction provided by symmetrization. However, the dimension of the truncation necessary to achieve a target accuracy grows more rapidly with N than the reduction due to symmetrization. So although symmetry methods reduce the computational challenge, the scaling of exact diagonalization remains a practical obstacle.
Weak perturbations
The same symmetry properties that facilitate exact diagonalization also assist degenerate perturbation However, for composition spaces that are not simply reducible, the interaction breaks state permutation symmetry and the Weyl tableaux W no longer provide good quantum numbers for irreps that appear multiple times in the decomposition of K ν . To find the first-order energy eigenvectors using degenerate perturbation theory means diagonalizing the matrix formed by the reduced matrix elements W V N W defined in (46) for all W , W in a composition space K ν with the same shape.
In the previous article, this done for N = 3 for the mixed symmetry irrep [21] 
Using expressions for these matrix elements for the contact interaction, these two three-dimensional levels have the energies
This algebraic expression for the energy shift (and similar expressions for the first order energy eigenstates) manifests the weakest form of algebraic universality since the two-body matrix elements are explicitly required. For non-contact interactions, the matrix elements are more complicated and the algebraic expression is longer than (48), but has the same form. To solve level splitting in levels like K αβγ δ , a three-by-three matrix must be diagonalized for irreps [31] and [21 2 ]. That requires solving a cubic equation, so the algebraic expression are substantially longer, but still universal in this weakest sense.
For N ≥ 5, the Kostka number
for a given composition can be greater than four, and therefore expressions for the first order for some irreps require solving a characteristic equations for which we have no a priori guarantee that a universal algebraic solution exists. While certainly there are algebraic solutions for some polynomials of order five and above (contact interactions in an infinite square well provides an example), I hypothesize that such algebraically-solvable high-order polynomials are idealized limiting cases and not typical for physically-realistic interacting systems.
If there are additional conserved quantities, like parity for symmetric traps or center-of-mass excitation for harmonic traps, then the spatial Hilbert space K can be further reduced into sectors that do not mix under interactions. As before, this deeper reduction allows more numerically efficient numerical solutions. For the case of parity, there is a doubling of the number of towers K
[µ]
± , one for each parity. However, there is no change to the results of first order perturbation theory because each composition space K ν has a parity determined by its composition. For harmonic traps, the separability of center-of-mass and relative degrees of freedom makes the double tableau basis less useful, because state permutation symmetry does not commute with the unitary group U(1). However, this additional complexity is more than compensated by the emergent kinematic symmetry K N ∼ S N ×O (1)×U (1)×T t .
See [19] for some examples of how this scaling works for harmonic traps. Further techniques for maximally exploiting this additional symmetry for harmonic traps are the subject of an article currently under preparation.
Unitary Limit of Contact Interactions
In the unitary limit g → ∞ of the contact interaction in one-dimension, the particles cannot get past each other. Classically, the particles rattle back and forth in the trap, bouncing with perfectly elastic collisions off each other or rebounding from the edge of the trap potential. Quantum mechanically, the scattering from the delta-potential is diffractionless [34] and this system is called a Tonks-Girardeau gas.
The order of the particles is stable under these dynamics. The coincidence manifold V N divides Q into N ! ordering sectors. Each order can be labels by a permutation s ∈ S N and corresponds to a sector of configuration space Q s ⊂ Q N defined by the condition q s1 < q s2 < · · · < q s N . The sector Q s is bounded by the (N −1) hyperplanes V s1s2 , V s2s3 , . . . , and V s N −1 s N . See Fig. for a depiction of the four-particle coincidence manifold and sectors.
In the unitary limit of the contact interaction, the wave functions for finite energy states must vanish at the edges of the sectors Q s , but inside the sector they satisfy the non-interacting HamiltonianĤ Denote by L 2 (Q s ) the Hilbert space of wave functions on Q s satisfying the nodal boundary conditions on V N . All the ordering subspaces K s ∼ L 2 (Q s ) are equivalent. Define the spatial Hilbert subspace
What about states in K but not in K ∞ ? They have infinite energy because they have some probability density on V N or they have infinitely sharp discontinuities 9 . Note that states in a super-TonksGirardeau gas (corresponding to the unbound states in the limit g → −∞) are also in K ∞ , but the infinite tower of infinite negative-energy bounds states are not.
The energy spectrum within each these independent sectors K s can be deduced from the one-particle spectrum σ 1 quite simply: whenever there is a fermionic state in the N -particle non-interacting spectrum σ 0 N , there is a stationary state in K s . This is because the boundary condition imposed by contact interactions is 'automatically' solved by the non-interacting fermionic states due to antisymmetry. At the unitary limit, wave functions must vanish on the coincidence manifold V N . From a given oneparticle spectrum σ 1 , the spectrum σ ∞ N and many features of the states at the unitary limit can be determined universally, including the incorporation of identical particles with spin [5; 6; 7; 9; 19; 35; 36; 37; 38; 39; 40] . All ordering sectors K s are identical and so the N -particle spectrum σ ∞ N in the unitary limit is composed of N !-degenerate energy levels.
Configuration Space Symmetries
The configuration space symmetry of the HamiltonianĤ N ∞ at the unitary limit must contain C N as a subgroup because it is just a special case of a Galilean-invariant interaction. Therefore particle permutations p ∈ P N are valid symmetries. The configuration space representation O(p) maps sectors
and the unitary representations map subspaces K s onto each other likê is a configuration space symmetry. In this notation, particle permutations are represented by N × N matrices that act on the vector space of sector labels like
and this is another example of the defining representation of P N ∼ S N .
The set of all maps like M form a group Q N that is isomorphic to the symmetric group S N ! . The particle permutations P N ⊂ Q N are the only such maps that have continuous representations on Q N .
All the other maps M ∈ Q 3 are discontinuous, but because of the nodal structure V N , the continuity of wave functions in K ∞ is not disrupted. As an example with four particles, the particle permutation (12) 
A similar construction holds for K ∞ N .
The rest of this section applies these dual symmetries of particle permutation and ordering permutation. The inclusion of parity and additional kinematic and dynamic symmetries is also discussed. 
Each spatial Hilbert space sector K s is spanned by the infinite tower of states
Sector permutations M ∈ Q 3 transform snippet vectors as expected
and specifically particle permutations p ∈ P N and ordering permutations o ∈ O N have the represen-
From this representation it is clear that particle permutations and ordering permutations commute.
The representations (55) of both copies of S N are N !-dimensional and therefore must be reducible.
In fact they are both the regular representations of S N and the representation space K 
Incorporating Additional Trap Symmetries
One element o π ∈ O N of the ordering permutation group is equivalent to reversing the order of the particles. For example, for three particles o π is (AC) and for four particles o π = (AD)(BC). For symmetric wells, the parity operator is realized on the snippet basis using this operator:
where π ν = π ν1 π ν2 · · · π νr is the total parity of the composition ν . This representation of the parity operator can be diagonalized to decompose
± . These will not necessarily be the same states constructed using the order permutation symmetry subgroup chain that leads to the double tableau basis because the operator o π is not part of the subgroup chain
However, o π can still be diagonalized along with the normal particle permutation group subgroup chain, and an alternate ordering permutation subgroup chain can be found. For example, one can show that for four particles a complete set of commuting observables that respects parity iŝ 
This notation for conjugacy class operators is a slight modification of Ref. [3] , and it is extensible to larger N .
Not all of the P N ∼ S N irreps have the same parity as the parity of the original fermionic composition. For example, the subspace K αβγδ ∞ with π αβγδ = 1 reduces into the following
Looking at the dimensions d[µ], we see that half the states have positive parity and half have negative parity; this result holds for all N .
Besides the examples with N = 2 and N = 3 in the previous article, further examples of this diagonalization are discussed for the harmonic case in [19] and tables for N = 3, N = 4 and N = 5 are provided. In the harmonic case, relative parity and the center-of-mass excitation are also good quantum numbers. They are not necessarily commensurate with composition subspaces, but they can be diagonalized simultaneously with the particle and ordering permutations symmetries. The extra symmetry means that the unitary limit in a harmonic trap is superintegrable, and therefore in the near unitary limit I conjecture the system is likely to resist thermalization longer than less symmetric traps.
Near Unitary Limit
In the near unitary limit, ordering permutation symmetry is broken because there is tunneling between adjacent sectors Q s . At unitarity, the kinematic symmetry of the HamiltonianĤ 
where the real, positive coefficients a AB , a BC , etc. are the tunneling amplitudes for adjacent sectors [41] :
The last term in (59) that is proportional to the identity renormalizes the energy shift so that the totally-antisymmetric spatial state feels no effect of the tunneling. If the trap is symmetric, then
For understanding level splitting and the formation of bands that depend on trap shape, the ratio of the tunneling amplitudes (and not the absolute scale) is important.
For example, see Fig. 2 (also reproduced in the introduction of the previous article). With four particles in a symmetric trap, the tunneling operator has the form If instead an asymmetric trap was considered, there are three tunneling parameters forÛ (AB), U (BC) andÛ (CD). There are three copies of irreps [31] When the level spitting problem is algebraically solvable in the weak interaction limit and the near unitary limit, then the adiabatic mapping problem between non-interacting states and their unitary limit is in principle solved. The order of the levels within a particle tower K [µ] should not change unless for some particular value of g a new multiparticle symmetry emerges. That does not seem likely for the contact interaction, but I do not have a proof that it is impossible.
Conclusion
The essential claim of this pair of articles is that the configuration space and kinematic symmetries ofĤ N 0 ,Ĥ N , andĤ N ∞ provide a powerful and unifying tool for analysis and computation. One way to specify the focus of this article is to ask the series of questions:
-Given only the symmetries, what can we say about the N -particle spectrum σ N ? How much about the energies, degeneracies and states for the interacting system can be inferred without any specific knowledge of the one-particle spectrum σ 1 ? How does the spectrum change when the interaction strength is tuned adiabatically or rapidly quenched?
-If we also know the specific spectrum σ 1 in addition to the symmetries, how much more can we say about the spectrum σ N ? And how much more if we also know the wave functions ψ n (q) = q|n of the one-particle energy eigenstatesĤ 1 |n = n |n ?
-Finally, what if we know the explicit form of the two-body interactionV ij and/or can calculate the two-body matrix elements n 1 n 2 |V 12 |n 1 n 2 = v n1n2 n 1 n 2 between noninteracting states?
As a general conceptual framework, the less we have to know about the specifics of the trap or interaction, the more 'universal' the results. What this article demonstrates is how this notion of universality breaks down for most interacting system as the number of particles is increased and the symmetries of the trap and interaction are reduced.
Despite its length, this article has left out many relevant topics, like the SO(2, 1) dynamical symmetry of the contact potential in a harmonic trap, lattice symmetries, supersymmetric potentials in one dimensions, and the possibility of interaction symmetries that depend on the internal structure of the particles. Further, these symmetry classifications could be generalized to higher dimensions. Symmetry should be less constraining as the number of degrees of freedom grows and algebraic universality may break down sooner. Also, the effect of intrinsic three or higher few-body interactions on the spectrum would be interesting to incorporate into symmetry analysis to seek possible manifestation in spectral shifts.
However, without adding to the complication of the one-dimensional trap, two-body interaction model, there is still much work to be done. Efficient methods of state construction are required for perturbation theory and exact diagonalization and for calculating reduced density matrices, correlation functions, and entanglement spectra among particles and between spin and spatial observables. Another possible avenue for future work is to exploit the close connection between finite groups and number theory. Perhaps there are practical protocols for simulations of number theory problems that employ combinations of adiabatic tunings and diabatic quenches of the trap shape and and interaction strength to manipulate states. Table 1 This table provides (2) for λ > 0. The Coxeter notation and order is given for the finite-order configuration space groups, and the Schönflies point group notation is also given for N = 2 and 3. 
